SOLUTIONS TO EXAM 1, MATH 10560

1. Simplify the following expression for x

1
x = logg 81 + logg 9

Solution: 1 81
x :log381+log3§ = loggg =log39=2.

2. The function f(x) = x® + 3x + €% is one-to-one. Compute (f~1)'(1).
Solution:

0 =
{1 =o0 and f'(x) = 322 + 3 + 2¢?*. Hence f'(f~1(1)) = f’(0) = 5. Therefore
(f=Hy) =
3. Differentiate the function
_ (.’E2 _ 1)4
o =7

Solution: Use logarithmic differentiation.

1
Inf=4ln(z*-1) - §ln(x2 +1)

ff 8z x
f o z2-1 2241

z(z? — 1)1 8 1
f/(.f) = ( ) 2 ) :
2 +1 v —1 x+1
4. Compute the integral
2¢2
1
————dx.
/26 2 gp"

Solution: Make the substitution u = ln% with dz = zdu.

2e? 2 2
1 1 1 1
29¢  z(ln 5) 1w wl; 2

5. Compute the limit
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Solution:
et — e~ ' ex(l o 6721)

r—00 @2 _ p—2x 00 6233(1 _ e—4$)

6. Find f'(x) if

Solution: One method is to use logarithmic differentiation.
Iny = In(z™%) = (Inz)(Inz) = (Inz)%

2lnx

v _
Yy T

Therefore f'(z) = ¢/ = 2(Inz)z(™®)~1,
7. Calculate the following integral
1
/ arctanz e
0 1 + SL‘2
Solution: Make the substitution u = arctan z with dz = (1 + 22)du.
1 z 277 2
t 4
/ arcan s an;: dx:/4udu: [u] =T
0 1 + x 0 2 0 32
8. FEwaluate the integral
/2
/ sin®(x) cos® (z)dz.
0
Solution: Use the identity 1 — cos?(z) = sin?(z).
w/2 /2
/ sin®(z) cos®(z)dz = / (1 — cos®(z)) sin(z) cos® (z)dx
0 0

0
/1 uw’ —u” du  (u = cos(z), du= —sin(z)du)

1
/ w? — " du
0
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9. FEvaluate the limit
2
lim (cosh(x))l/z .

r—0
2
Solution: The limit has indeterminate form 1°°. Let L = lim,_.g (cosh(ac))l/ .

In L = lim In ((cosh(x))1/$2)

r—0
1 h
. n ((:os2 (a:))
r—0 T
tanh
= lim tanh(z) ("Hospital’s rule)
r—0 T
h2
= lim sech”(z) ('Hospital’s rule)
z—0 2
_ 1
2

Therefore L = e%.

10. Ewaluate the integral

/$2 cos(2z)dz.

Solution:

/x2 cos(2z)dx
1, . . . .
=52 sin(2z) — [ xsin(2z)dr (integration by parts)
1, . 1 1 . .
=52 sin(2zx) — —3% cos(2x) — ~3 cos(2x)dx| (integration by parts)

1 1 1
:§x2 sin(2x) + 2% cos(2z) — 1 sin(2z) + C

11. Ewvaluate

%x?)\/ 9 — 22 dz.

Solution: Two approaches work: trigonometric substitution with x = 3sinf and u
substitution with = 9 — 22. The method of trigonometric substitution is outlined here,
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although the latter method may be somewhat easier.

1
/ §x3\/9 —a?dx = /81 sin® 0 cos? 0df (x = 3sinf, dr = 3 cosOdu)

= /81(1 — cos? @) sinf cos? 0df  (u = cosf, du = —sinHdh)

= /81(u4 — u?)du

5
:8107;80—2700839—1—0 (cos@z%\/Q—xQ)
_2)3 ,
e

12. Let C(t) be the concentration of a drug in the bloodstream. As the body eliminates
the drug, C(t) decreases at a rate that is proportional to the amount of the drug that is
present at the time. Thus C'(t) = kC(t), where k is a constant. The initial concentration
of the drug is 4 mg/ml. After 5 hours, the concentration is 3 mg/ml.

(a) Give a formula for the concentration of the drug at time t.

(b) How much drug will there be in 10 hours?

(¢) How long will it take for the concentration to drop to 0.5 mg/ml?
Solution: (a)

C(5) =3 =4e" (solve for k)

k= éln <i> (substitute into C(£))
C(t) =4 <i> o
(b)
C(10) = 4 <i)2 - Z
(c)

C 4 3 " L lve f
(t) = <4> =3 (solve for t)

—5In8

b= —blogsu(®) = ey



